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Abstract. Given a Lie algebra g over a field of characteristic zero k, 
let = min{dim7r : tv is a faithful representation of g}. Let f) m be 
the Heisenberg Lie algebra of dimension 2m + 1 over k and let k[t] be 
the polynomial algebra in one variable. Given m £ N and p G k[t], let 
f)m, P = fjm ® k[t]/(p) be the current Lie algebra associated to f) m and 
k[t]/(p), where (p) is the principal ideal in k[t] generated by p. In this 
paper we prove that fJ,(f) m ,p) = mdegp+ [2^degp] . 



1. Introduction 

Let k be a fixed field of characteristic zero. In this paper, all Lie algebras, 
associative algebras, Horn and tensors are considered over k, unless otherwise 
is explicitly mentioned. 

By Ado's theorem every finite dimensional Lie algebra has a finite dimen- 
sional faithful representation (see for instance |JJ1[] ) . However, given a Lie 
algebra q, it is in general very difficult to compute the number 

(j,(g) = minjdimy : (ir, V) is a faithful representation of q}. 

The problem of computing the value of /Lt(g), or bounds for it, gained 



interest since Milnor [Mi] posed the question of which are the finite groups 
that occur as fundamental groups of complete affinely flat manifolds; in par- 
ticular whether they are the polycyclic-by-finite groups. There are many 
articles giving an affirmative answer to Milnor's question under some addi- 



tional hypothesis, see for instance [|Au| , |De| , |GolK| , GrM], etc. However 



the answer to the original Milnor's question is negative in both directions. 



On the one hand, Margulis [Ma] gave the first complete affinely flat manifold 



whose fundamental group do not have a polycyclic subgroup of finite index. 



On the other hand, Benoist [Be] and Burde and Grunewald [BG| found the 
first examples of nilpotent Lie groups without any left-invariant affine struc- 
tures. These examples are achieved by finding nilpotent Lie algebras q such 
that fi(g) > dim(g) + 1. 

Very little is known about the function [i. In particular the value of \x 
is known only for a few families of Lie algebras, among them, reductive 



Lie algebras over algebraically closed fields (see [BM]), abelian Lie algebras, 
and Heisenberg Lie algebras. A brief account of some known results is the 
following: 
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1. If g is abelian, then /u(g) 



Here \a] is the closest 



2y/d[m( Q ) - 1 

integer that is greater than or equal to a. This result is due to Schur ||, 
for k = C, and to Jacobson [[J2| for arbitrary k (see also [jMj). 

2. If f) m is the Heisenberg Lie algebra of dimension 2m + 1, then /x(f) m ) = 
m + 2, (see @). 

3. If g is a /c-step nilpotent Lie algebra, then /j,(q) < 1 + (dimg) fc . This is 
part of Birkhoffs embedding theorem (se e |Bl| and also fR|). In addition, 
if g is Z-graded, then /x(g) < dimg (see p2|). 

4. If g is a filiform Lie algebra then /i(g) > dimg (see p3]). The equality 



holds if dimg < 10 (see plQ. 

In this paper we compute the value of \i for a whole family of current Lie 
algebras associated to Heisenberg Lie algebras. Let k[i] be the polynomial 
algebra in one variable and given p £ k[i], let (p) denote the principal ideal 
generated by p in k[t]. Given m £ N and a non-zero polynomial p £ k[i] let 

f)m,p = f) m <g)k[t]/(p) 

be the Lie algebra over k with bracket [X\ (g) gi, X2 ® (72] = [-X'l, ^2] ® ?i?2, 
•X'i £ f)m, % £ k[t]/(p), i = 1,2. It is clear that 

dim f) mjP = (2m + 1) degp. 

The set of Lie algebras t) m ,p constitute a family of 2-step nilpotent Lie alge- 
bras that contains the following two subfamilies. 

Truncated Heisenberg Lie algebras. This is the subfamily corresponding to 
p = t k , k G N. These Lie algebras appear in the literature associated to 



the Strong Macdonald Conjetures (Mac]. Some articles dealing with these 
conjectures are jFGTjl, |HW|, |Ku|, [[T|. 



Heisenberg Lie algebras over finite extensions of k. This is the subfamily 
corresponding to polynomials p that are irreducible over k. In this case t) m ,p 
is the Lie algebra obtained by restricting scalars to k in the Heisenberg Lie 
algebra over the field K p = k[t]/(p). 

The main result of this paper is the following theorem. 

Theorem. Let m G N and p £ k[t], p 7^ 0. Then 
At(f)m,p) =mdegp + 



2V^ 



egp 

In order to prove the inequality fJ,(f) m ,p) > mdegp + |"2^/deg p] , we first 
prove Theorem iA in which we obtain some fine information about the 
structure of a faithful representation of an abelian Lie algebra. Prom Theo- 



rem 4.4 it is straightforward to obtain the lower bound part of the Theorem 
of Schur mentioned above (see Corollary [4,6| ). One might expect that this 
result will help to obtain lower bounds of /tt(fl) for other families of nilpotent 
Lie algebras. 

On the other hand, the proof of fJ,(t)m tP ) < mdegp+ \2^deg p\ is done by 
explicitly constructing faithful representations of t) m .p of minimal dimension. 

Example. Let f} m (C) be the Heisenberg Lie algebra of dimension 2m+l over 
the complex numbers and let f) m (C)]R be f) m (C) viewed as a Lie algebra over 
R. We know that /i(f) m (C)) = m+2 and the faithful representation of f) m (C) 
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in C m+2 yields a faithful representation of f) m (C)]R of dimension 2m + 4. 
However, from the above theorem we obtain that /u(f) m (C))]R = 2m + 3. If 
{X,Y, Z} is the basis of J)i(C), with [X, Y] = Z, then 



7r((xi + ix 2 )X + (y 1 + iy 2 )Y + (z 1 + zz 2 )Z) 



/Oil 12 21 22 \ 

' ki * 



-J/2 yi 





o/ 



is a faithful representation of f)i(C)]K in R 5 . 

2. Preliminaries 

Given a finite dimensional vector space V, a representation of an asso- 
ciative algebra A on V is an associative algebra homomorphism ir : A — > 
End(Y) and similarly, a representation of a Lie algebra g on V is Lie alge- 
bra homomorphism ir : g —* fll(V). A nil-representation is, by definition, 
a representation whose image is contained in the set of nilpotent endomor- 
phisms. All representations (ir, V) considered in this paper will be finite 
dimensional. Thus, given a basis of V, we can express each operator vr(A) 
by its associated matrix. When the basis is fixed we shall denote this matrix 
also by tv(X). The space of rectangular matrices of size m x n with entries 
in k will be denoted by M m>n (\z). 

A representation is faithful if it is an injective homomorphism. Consid- 
ering the left action, it is clear that any associative algebra with unit of 
dimension n has a faithful representation of dimension n. On the other 
hand, a theorem due to Ado states that any finite dimensional Lie algebra 
has a finite dimensional faithful representation (see for instance [jjlfl ) • Given 
a Lie algebra g, let 

fi(g) = minjdimy : (ir, V) is a faithful representation of g}. 

Given a Lie algebra q and a commutative associative algebra A the tensor 
product q <S> A has a Lie algebra structure with bracket 

[X\ ® ai,X 2 ® a 2 ] = [X 1 ,X 2 ] <S> aia 2 , 

Xi G 5, di G A, i = 1, 2. This Lie algebra is known as the current Lie algebra 



associated to g and A (see for instance [GoR] 



Remark 2.1. Note that g (g> A could be viewed as a Lie algebra over the 
algebra A but, as we have already mentioned, we look at it as a Lie algebra 
over k. Occasionally we shall make an exception when A = K is a field 
extension of k. In this case, we shall denote by qk the Lie algebra g (8) K 
whenever it is viewed as a Lie algebra over K. 

If (-7T, V) is a representation of a Lie algebra g and (p, W) is a repre- 
sentation of a commutative associative algebra A, then it is clear that 
vr p : g (g> y4 -> g[(V 8> W), given by (tt 8> p)(X (8) a) = tt(A) 8) p(o), 
is a representation of the Lie algebra g 8> j4. It is clear that if ir and p are 
injective, then so it is tt (8 p- Therefore, if A has an identity, by considering 
the regular representation of A we obtain that 

(2.1) p(g®A) < //(g)dimA 
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If A = K is a field extension of k and we look at qk = <S> K as a Lie algebra 
over K, then the above construction also yields a K-representation of qk 
and in this case one has 

(2.2) fifa) < //(g). 

The Heisenberg Lie algebra f) m is the k- vector space of dimension 2m + 1 
with a basis {X±, . . . , X m , Y\, . . . , Y m , Z} whose only non-zero brackets are 

[Xi,Yi\ = Z. 

It is clear that the center of Fj m is $(i) m ) = kZ. This Lie algebra has a 
well known faithful representation (7To,k m+2 ) that, in terms of the canonical 
basis of k m+2 , is given by 

/Oil ... X m Z \ 

3/1 ' 

(2-3) 7T ( E,=i ^ + i ^ + ^) = 



V 



Xi,yi,z e k. 



/ 



It is known that any other faithful representation of f) m has dimension 
greater than or equal to m + 2 (see p2| ) and thus /u(f) m ) = m + 2. 

Let k[t] be the polynomial algebra in one variable, let p = ao + • • • + 
a^it^ 1 + t d be a non-zero monic polynomial and let (p) be the principal 
ideal generated by p. The regular representation p of the quotient alge- 
bra k[t]/(p) is expressed, in terms of the canonical basis . . . by 
p(t % ) = P*, where 



(2.4) 



P 



1 1 o 



V 



-ai 



\ 



-a d 



-J 



is the matrix associated to p. 

For any m£fJ and any non-zero polynomial p £ k[t] let 

f)m,p = f) m <g)k[i]/(p) 

be the current Heisenberg Lie algebra associated to m and p. Note that 
(0) yields 

A*(f)m,p) < (m + 2) degp = mdegp + 2degp. 
The main goal of this paper is to prove that in fact 

A*(f)m, P ) = mdegp+ 2y / degp 

Note that this extends the known result /i(f) m ) = m + 2. 

We now recall and prove some results, needed in the following sections, 
about finite dimensional representations of nilpotent Lie algebras. 

Let n be finite dimensional nilpotent Lie algebra and let (n, V) be a finite 
dimensional representation of n. If k is algebraically closed, a well known 
theorem of Zassenhaus (see PH| ) states that V can be decomposed as 



V 



vi © v 2 e • • • e v r , 



so that, for all X £ n and i = 1, . . . ,r, ^{X)^ is an scalar Xi(X) plus a 
nilpotent operator Ni(X) on Vi. 
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A consequence of this result is is that every representation of a nilpotent 
Lie algebra has a Jordan decomposition. 

Theorem 2.2. Let n be finite dimensional nilpotent Lie algebra and let 
(tt, V) be a finite dimensional representation of n. For each X £ n let 
tts(X) and itn(X) be, respectively, the semisimple and nilpotent part of 
the additive Jordan decomposition ofir(X). Then (its, V) and (ttn,V) are 
representations of n. Moreover, tts(X) = for all X £ [n,n]. 

Proof. We first assume that k is algebraically closed. By Zassenhaus' theo- 
rem 

V = V X ® V 2 ®---®V r , 

and ^(X)^ is an scalar Aj(X) plus a nilpotent operator iVj(X) on Vi, for 
all X £ n and i = 1, . . . , r. Since Xi(X) = trace (ft(X)\\r.)/ dim(T^) it follows 
that Aj is linear and \{(X) = for all X £ [n, n]. Hence A« is a Lie algebra 
homomorphism. Moreover, since JVj = ir\vi — Aj and \i(X) is a scalar, 
it follows that iVj is a Lie algebra homomorphism. Since TTs\vi = Aj and 
^ivlv; = Ni the theorem follows for k algebraically closed. 

Now assume k is arbitrary (with char(k) = 0). Let k be the algebraic 
closure of k, g = g <g) k k, V = V ® k k and n = tt (g>k 1. We know that its and 
7fjv are Lie algebras homomorphisms and we must prove that its and itn are 
Lie algebras homomorphisms. 

Let B = {v\, . . . , v n } be a basis of V, B = {v% ® 1, . . . , v n (8> 1} the 
corresponding basis of V and, given an operator T on V (resp. on V") let 
[T]b (resp. [T\b) be the associated matrix with respect to the basis B (resp. 
B). Since [ir(X)] B = [tt(X k l)]j for all X G g, it follows that 

(2.5) [tT(X ® k = [tt S (X)] b + [^(X)] B . 

Since [^(X)]^ and [ttn(X)]b are respectively semisimple and nilpotent 
matrices that commute, it follows that ( |2.5D is the Jordan decomposition of 
the matrix [n(X ® k 1)]^, that is [tts(X)]b = [7fs(X ® k 1)]^ and [7tjv(^)]b = 
[7fAr(X <g) k 1)]^. Therefore 7T5 and tin are Lie algebras homomorphisms. □ 

Definition 2.3. Let (-7T, V) be a finite dimensional representation of a finite 
dimensional nilpotent Lie algebra n. We call the representations (its, V) and 
(ttn,V) the semisimple part and the nilpotent part of (tt, V) respectively. 

For certain nilpotent Lie algebras it is enough to consider nilrepresenta- 
tions in the definition of \x as the following theorem shows. 

Theorem 2.4. Let n be a finite dimensional nilpotent Lie algebra such that 
the center 3 (n) is contained in [n, n] ; and let (it, V) be a finite dimensional 
representation of n. Then (tt, V) is faithful if and only if (ttn, V) is faithful. 

Proof. We only need to show that if n is injective, then so it is ttn . Let 
us assume that tt is injective and let Xq £ n such that ttn(Xq) = 0. Since 
7r S'|[n,n] = it follows that 

7t([X ,X})=7T N ([X ,X})+7T S ([Xo,X}) 

= [7r^(X ),vr^(X)] 
= 
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for all X £ n. Since tt is injective we obtain that Xq £ ^(n) C [n, n]. Finally, 
since Tr\[ n ,n] = ^JV | [n,n] follows that 7t(Xq) = and therefore Xq = 0. □ 



3. A FAMILY OF REPRESENTATIONS OF t) m ^ p 
AND THE UPPER BOUND FOR /U(f) TOlP ) 

Let m G N be a fixed natural number and let p = Oo + ■ ■ ■ + dd-it^ 1 + 
t d be a fixed non-zero monic polynomial of degree d. If (7To,k m+2 ) is the 
faithful representation of t) m defined in (^) and (p,k[t]/(p)) is the regular 
representation of k[i]/(p), then the representation 

vr o ®p:f) m , p ^0((k m+2 ®k[t]/(p)) 

is expressed, in terms of the canonical basis of the tensor product k m+2 (g) 
k[£]/(p), by the blocked matrix 



(vr 8> p) ( J^-Xi ® gi,«(t) + *i ® 92,i(*) + ^ ® 



vi=l 



i=l 



/0 g M (P) ... gi, m (P) gs(P) \ 

92,1 (P) 



V 



92,m(P) 





of size (m + 2)d. We shall now construct a family of representations of t) m ,p 
that contains 7i"o (g) p. 

Definition 3.1. Given two natural numbers a and b and two matrices ^4 € 
A/o,d(k) and S G M d>b (k), let (tt a ,b, k md+a+b ) be the representation of f) mjP 
that, in terms of the canonical basis of k md+a+fe , is given by the blocked 
matrix 



TT A ,B [J2 X i ® + £ ® «S2,»(<) + Z <g> 93 (*) 



i=l 



/0 A 91,1 (P) ... Aqi, m (P) Aq 3 {P)B\ 

?2,l(P)P 



92,m(P)S 




whose block structure is depicted below: 
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d b 



}• 
} d 



} d 



m+2 blocks 



The following facts are not difficult to prove: 

(1) (tta,b, k md+a+b ) is a representation of t)m :P for any A and P. 

(2) If a = b = d and A and P are the identity matrix, then tta,b = tto ® P- 

(3) Let k[P] C M^^k) be the subalgebra generated by P in M^(k) and 
let /?a,b : k[P] — > M a fe(k) be the linear map given by (3a,b(q(P)) = 
Aq{P)B. Then is injective if and only if (3a,b is injective. 

Now the problem of finding the minimal possible dimension for a faithful 
representation among the family tta,b reduces to finding the minimal value of 
a + b among the pairs (a, b) for which there exists two matrices A £ M a ^(k) 
and B G M^j,(k) such that @a,b is injective. Since dim(k[P]) = d and 
dim(M 0j j,(k)) = ab it follows necessarily that ab > d. We shall see now 
that this condition is sufficient as well. Let A G M a)< $ and B G M^j, be the 
following matrices 



(3.1) 



A 



1, if j = d — (a — i)6 ; 
0, otherwise; 



P 



if i = j ; 
otherwise. 



z 1 \ 



That is P 



o ••• o 



, if b > d; B 



o •■■ o 

v ':.-o/ 

and, for instance, if d = 6, a = 4 and 6 = 2 we have A = 



if d > b 



d-b 




Theorem 3.2. If ab > d and A and B are the matrices defined above, then 
(3a,b is injective. 

Proof. Let q G k[t] be a monic polynomial such that deg(q) < d and let us 
show that Aq(P)B ^ 0. It is easy to prove by induction that, for 1 < j < 
d — k, one has 



1, if * = j + k; 
0, if i ^ j + fc. 
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This implies that, for 1 < j < d — k, one has 



1, if i = j + k; 
0, if i + j + k; 



and therefore, for 1 < j < d — k, one has 



(AP k B 



ij 



1 if j + k = d — (a — i) 
if j + k ^ d - (a - i) 



Let ko = deg(g) and let us assume for a moment that for there exist iq 
and jo such that 

1. 1 < Jo < min{6,d- fc }, 

2. 1 < io ^ a an d 

3. jo + &o = d - (a - i )b. 

Now we have 



(AP h B) i0t j 



1, if k = ko; 
0, if k = 0, . 



,fc - 1; 

1 and thus Aq{P)B ^ as we wanted 



and this implies that (Aq(P)B)i j 
to prove. 

In order to prove the existence of iq and jo satisfying properties 1-3 



above, we shall see that to 



d—kp 
b 



1 



satisfies < to < a — I and 



1 < d — ko — tob < b. Once this is proved, iq = a — to and jo = d — ko — tob 
have the desired properties. 



It is clear that to > 0. Since ko < d < ab it follows that 



d— kg — 1 
b 



< a-l. 



It is easy to see that 
to = 

Additionally 



X 


- 1 


< 


x-l 


y 




y 


~d 


- k 


1 


< 






b 





for all x, y £ N, in particular 
d-ko-1 

< a — 1. 



d 



d — ko 



1 



- - 1 < to < 

and thus b > d — ko — tob > 1. □ 
Corollary 3.3. Lei p £ k[t] be non-zero polynomial. Then, for all m G N 



M^W) ^ mdegO) + 2V 7 deg(p) 



Proof. By Proposition |3^, ^(rj m)P ) < mdeg(p) + a + 6 for all a and 6 such 
that ab > deg(p). Since 



(3.2) min{a + b : a, b £ N and ab > d} 

for all d £ N, we obtain the desired inequality. 



2\/d 



□ 
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4. The lower bound for n(t) m ,p) 
From the inequality (^^) we know that 

l*({s®k[t]/(p)) K ) </i(fl®k[*]/(p)). 
Since (g <8> k[t]/(p)) K ~ 0k as Lie algebras over if, we obtain 

#[*]/(?)) </i(fl®kM/(p))- 
Therefore, in order to obtain a lower bound for //(f) m ,p) we may assume that 
k is algebraically closed. In this case p = (t — b\) dl . . . (t — b r ) dr for different 
bi £ k and 

r 

i=i 

r 
1=1 

This section is devoted to prove the following theorem. 

Theorem 4.1. // (tt, V) is a faithful representation of (BI=i fy m t d i an ^ d = 
YJi=i d h then 



dim V > md + 



2Vd 



In particular \x (t)m,p) > mdegp + 2y / degp 

In what follows we shall assume that the exponents d±, . . . ,d r are fixed 
and we set d = Y^i=i di- 

Let us define the following elements in @[ =1 h m t d ( : 

X{ t = (0,...,0,Xi®P,0,...,0), 
1^ = (0,... ,0,1-^,0,. ..,0), 

Z{ = (0,...,0,Z®^0,...,0), 

where the non-zero component of each element is in the I th coordinate. Thus 
the set 

{X^, Y^, Z\ : 1 < % < m, < j < d t - 1, 1 < I < r} 

is a basis of ©[ =1 f) m • The center 3 of ©[ =1 f) m ^ is spanned by the set 
{Zf :0<j <d t -l, l<l<r}. 

Lemma 4.2. For any X 6 ©[=1 f) m t d i suc h that X ^ 3 i/iere exist K € 
©J=i h m t d ; suc/i £/ia£ [X, Y] = zf l 1 for some I = 1, . . . , r. 

Proof. Assume that 

r di — 1 m 

x = £ £ £ "<.,-'-^/ + + c ^ z / 

;=1 j=0 i=l 

for some a^y, fejj,;, Cjj G k. Since X is not in the center of ©[ =1 f) m t d ; , then 
theree exists some (io>Jo^o) such that either aj 0j0i ; / or ^ Jo^o 7^ 0- 
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Assuming that aj 0j0i / 7^ 0, let j\ = min{j : aj OJ y 7^ 0} and let Y = 

7^-rJ^C~ n then = Z t«~ X - If KM, + the argument is 

analogous. □ 

Lemma 4.3. Let q be a Lie subalgebra of ©J =1 fy mt d i such that zf l ~ Y ^ g 
for all I = 1, . . . , r. T/ien 

dimg < md + dimg n 3. 

Proof. Let 30 = H 3. Since by hypothesis Zf l ~ x ^ 30 for all / = 1, . . . , r, we 
may choose a linear functional a : 3 — > k such that a | 3o = 0anda(zf' _1 ) ^ 
for all I = 1, . . . , r. 

Let go be a complementary subspace of 30 in g let 3 be a complementary 
subspace of 30 in 3, and let q be a complementary subspace of © 3 in 
0[=i *Wi • Thus = 0o © 3o, 3 = 3o © 3 and 

r 

(4-1) ©*W< =0 ©00 ©3o ©3 

as vector spaces. Let V = © 0o and let 

B :V xV 

(X,Y)^a([X,Y}) . 

It is clear that B is an skew-symmetric bilinear form on V. 

Let us prove that B is nondegenerate. Given X G V, X 7^ 0, we know 
from Lemma L2 that there exist Y G ©J =1 f) mi d ; such that [X, Y] = zf l_1 
for some i. If Y G V is the projection of Y to V with respect to the 
decomposition (|PD, then Y) / 0. 

Let us see now that 0o is a i?-isotropic subspace. If X, Y G 0o then, since 
is a Lie subalgebra, it follows that [X, Y] G 30, and since a \ }0 = we 
obtain that B(X, Y) = 0. 

Since B is a nondegenerate bilinear form on V and 0o is a S-isotropic 
subspace of V, it follows that dim0o < dl ™ v = md and therefore dim0 < 
md + dim3o. □ 



In order to prove Theorem 4.1 we need the following result that gives some 
precise information about the structure of a commuting family of nilpotent 
operators on a vector space. 

Theorem 4.4. Let V be a finite dimensional vector space and let J\f be 
a non-zero abelian subspace of End(V) consisting of nilpotent operators. 
Then there exist a linearly independent set B = \v\, . . . , v s } C V and a 
decomposition M = A/i © • • • © M s , with A/i / for all i, such that the 
applications Fi : J\f — > V defined by Fi(N) = N(vi) satisfy 

(1) Fil^ is infective for all i = 1 ... s; 

(2) Nj C ker Fi for all 1 < i < j < s; 

(3) MjV C imFjl^ for all 1 <i < j < s. 

Furthermore, given a finite subset {Ni, . . . , N q } of non-zero operators in M, 
the vector v\ can be chosen so that N^{v\) 7^ for all k = 1, . . . , q. 

We first prove the following lemma. 
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Lemma 4.5. Let V be a finite dimensional vector space over k, let T a 
non-zero subspace of End(V) and let r = maxjdim Tv : v S V}. Then for 
any finite subset {Ti,T%, . . . , T q } C T , such that Ti ^ for all i = 1, . . . , q, 
there exist v o £ V such that r = dim Fvq and Ti(vo) ^ for all i = 1, . . . , q. 

Proof. We will prove the lemma by induction on q. It is clear that the 
lemma is true in the case q = 0. Let {Ti, . . . ,T q ,T q+ i} C J 7 , by inductive 
hypothesis there exist v' Q £ V such that r = dining and Ti(v' ) ^ for all 
i = 1, . . . , q. If Tg+i^o) / we take vo = v' . 

Suppose that T q+ i(v' ) = 0. Since T q+ \ there exist w £ V such that 
T q+1 (w) / 0. Let us take f 1 ,...,f r ET such that {Ti(^), . . . , f r (v' )} is a 
basis of .Fu . 

We now claim that there exists to such that 

(1) the set {Ti(v' + tow), . . . , T r (y' + tow)} is linearly independent, and 

(2) Ti(v' + t w) + for alH = 1, . . . , q + 1. 

In order to prove this fact, let B be a basis of V. Let be the matrix whose 
columns are the coordinates of the vectors Ti(v' +tw), . . . , T r (v' +tw) and let 
a(t) be the rxr minor of A t such that a(0) ^ (since [Ti(v ), . . . , T r (u )} is 
linearly independent the existence of this minor is granted). For i = 1, . . . ,q, 
let Pi(t) be a coordinate of Tj(u + such that Pi(0) / and let p q+ i(t) be 
a coordinate of T q+ i(v' + tw) such that p q+ \(l) ^ (recall that we assumed 
that T q+ i(v' ) = 0). Now {a(t),pi(t), . . . ,p q+ i(t)} is a finite set of non-zero 
polynomials and thus there exist to such that non of them vanish at to- 
For this to conditions (1) and (2) are verified and taking vo = v' + tow we 
complete the inductive argument. □ 



Proof of Theorem 4-4- We shall proceed by induction on dimAA. If dimAA = 
1, let No be any non-zero operator in N and let v\ be a vector such that 
-^o(^i) 7^ 0. If we take B = {v\} and M\ = M then is injective and 

conditions (2) and (3) are empty. It is clear that if Ni, . . . , N q are non-zero 
operators in N then Nk(v%) ^ for all k = 1, . . . , q. 

Now assume that the theorem is true for any non-zero abelian subspace 
of End(y) of dimension less than dimAA. 

Let r = max{dimAAw : v £ V} > 0. By Lemma |4.5| , there exist v\ E V 
such that r = dim jV^i and Nk(vi) ^ for all k = 1, . . . , q. Let F\ : M — » V 
defined by Fi(N) = N(vi). If F\ is injective then we take B = {v\} and 
Mi = M. We obtain that Ti|jvi ^ s injective and since conditions (2) and (3) 
are empty, we are done. 

Otherwise, let M' = kerTi. Since r = dimAAui > 0, we have dimM' < 
dim A/". By the inductive hypothesis, there exist a linearly independent set 
B' = {v 2 , ■ ■ ■ , v s } C V and a decomposition M' = M2 © • • • ®M S , with Mi ^ 
for i = 2, . . . , s, such that 

(1') Ti|_/v; is injective for alH = 2. . . s; 
(2') Mj C ker F< for all 2 < i < j < s; 
(3') A/jV C imTi|jv; for all 2 < i < j < s. 

Let us prove that B = {vi,V2, ■ ■ ■ ,v s } is a linearly independent set. Since 
B' is linearly independent we must show that vi kB' . If v\ G kB' then 
there exist aj G k, not all of them zero, such that x>i = ^2j = 2 a j v j- Let 
jo = max{j : aj ^ 0} and let £ Mj C A/"' be a non-zero operator. If we 
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apply N to both sides of V\ = J2j=2 a j v j we obtain zero on the left hand side 
(since N G M'), but from conditions (1') and (2'), we obtain aj N(vj ) / 
on the right hand side, which is a contradiction. 

Let Mi be a direct complement of M' in M. It is clear that M = Mi © • • • © 
M s , Mi ^ for all i, and that conditions (1) and (2) are verified. In order 
to finish the inductive step we must prove that conditions (3) is verified. In 
fact we only need to show that N'v' G im iq \^f 1 for all N' G M' and v' G V. 

Since dimM = dim ker iq + dimim.Fi = dimM' + r, we know that 
dimAq = r. Let {Ni, . . ■ ,N r } be a basis of Mi- Given arbitrary N' G M' 
and v' G V we must show that N'v' G k{Aq?q, . . . , N r vi} which in turns is 
equivalent to prove that {iVV, N%vx, . . . , N r vif is linearly dependent. By 
the definition of vi, the set {N'(vi + tv'), Ni(v x + tv'), ...,N r (vi + tv')} is 
linearly dependent for all t £ k. Since N'vi = 0, we have that 

B' = {N'v, N^vi + tv'),..., N r {vi + tv')} 

is linearly dependent for all t ^ 0, and therefore it is linearly dependent for 
t = 0, as we wanted to prove. □ 



We are now ready to prove the main result of this section. 



Proof of Theorem j_A. Let (it, V) be a faithful representation of ©f =1 f) m t d x ■ 
By Theorem [T4| we may assume that it is a nilrepresentation. 

We apply Theorem |4.4| to the subspace M = 7r(j). We obtain a linearly 
independent set B = {vi, . . . ,v s } C V and decomposition M = Mi® - • -®M S , 
Mi ^ for all i, such that the applications Fi : M — > V defined by Fi(N) = 
N(vi) satisfy 

(1) Fi\tf. is injective for alH = 1 . . . s; 

(2) Mj C kerFi for all 1 < i < j < s; 

(3) MjV C irnFil^ for all 1 < i < j < s. 

We additionally require that t:(Z^'~ 1 )vi ^ for all Z = 1, . . . , r. 
Let (j) be the linear map 



:©W- F > cj>(X)=Tr(X)vi. 



l=i 



Note that 



Fi o 7r. We claim that 
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(i) dim im <f> + dim ker F\ > (m + 

(ii) im ^) n kB = 0, and thus dim V > s + dim im < 



(iii) d < s dim im iq and thus 



2^/d 



< s + dim im iq 



Proof of (i). It is clear that ker^ is a subalgebra of ©f =1 h mt ; such that 



Z ; 1 ^ ker Since 7r((ker (f>) Hj) = ker iq, we obtain from Lemma 4.3 that 



dim ker <j) < md + dim ker iq . 



Since dim ker + dimim^ = (2m + l)d, we obtain part (i). 
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Proof of (ii). Let v E im^n k£>. Since v E im^ there exists X E ©/ =1 f) m 
such that 7r(X)(«i) = v and thus there exist a\, ■ ■ ■ , a s E k such that 



(4.2) 



i=l 



We must prove that a\ = for all i. Assume that dj 7^ for some i and 
let io = max{i : cij 7^ 0}. Since vr(X) is a nilpotent endomorphism on V, 
its only eigenvalue is zero and thus iq > 1. Now let A" E A/i be a non-zero 
operator and let us apply A" to both sides of equation ( ^4.2[) . We obtain 
zero on the left hand side, since A^ E and iq > 1. But from conditions 
(1) and (2), we obtain ai N(vi ) / on the right hand side, which is a 
contradiction. 

Proof of (Hi). Part (1) and (3) combined imply that dimA/ x > d\m.M y if 
x < y. In particular dimA/i > dimA/j for all j = 1, . . . , s and thus 

s 

(f = dim A/ = y~]dimA/j < s dimA/i = s dimimFi. 



2Vd 



Since min{a + 6 : a, 6 E N and ab > d} 
part (iii). 

From part (i) and (ii) it follows that 

dim V + dim ker F\ > (m + l)(i + s, 
and combining it with part (iii) we obtain 

dim V + dim ker F\ + dim im F\ > (m + l)d H 

Finally, since dim ker + dimim.Fi = d we obtain 



for all d E N, we obtain 



2Vd 



dim V > md + 



2\/d 



as we wanted to prove. 



□ 



We close this section with the following corollary that is equivalent to the 
Schur's Theorem mentioned in the introduction. 

Corollary 4.6. Let V be a finite dimensional vector space and let N be a 
non-zero abelian subspace o/End(y) consisting of nilpotent operators. Then 



dimV > 



2VdimAA 



Proof. Let B, Af\, s and F\ as in Theorem ^J. Then, by the same argument 
used in the proof of Theorem 4.1 in it items (ii) and (iii) we obtain that 

(ii)' imiq n ki3 = 0, and thus diml/ > s + dimim.Fi, and 



(iii)' dimAA < s dimimFi and thus 



2Vd 



< s + dim im F\ . 



Therefore diml/ > 



2 v / dimA/' 



□ 
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